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Aufgabe 1: Differentielle Inverse Kinematik -\-\J(IT

|

B SCARA-Roboter mit
® Einem Translationsgelenk d;
® Zwei Rotationsgelenken 6,, 05
B Konfiguration q = (d4, 8,, 63)

von Jo Teichmann von Nikola Smolenski
[Public domain], via [CC BY-SA 2.5-2.0-1.0], via
Wikimedia Commons Wikimedia Commons

B Vorwartskinematik (nur Position):

—500 - sin(68,) - cos(63) — 500 - cos(8,) - sin(B3) — 500 - sin(H,)
f(q) =1 500 - cos(8,) - cos(83) —500 - sin(H,) - sin(f3) + 100 + 500 - cos(H,)
dq
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End-Effektor Geschwindigkeiten -\\J(IT

ttttttttttttttttttt f Technology

B Die Jacobi-Matrix setzt kartesische End-Effektor-Geschwindigkeiten in
Relation zu Gelenkwinkelgeschwindigkeiten

x(t) = J(6(t)) - 6(t)

@ Die folgenden Probleme konnen mit dieser Beziehung gel6st werden

1. Gegeben eine kartesische End-Effektor-Geschwindigkeit, welche

Gelenkwinkelgeschwindigkeiten sind notwendig, um diese zu
realisieren?

2. Gegeben die Gelenkwinkelgeschwindigkeiten, welche kartesische End-
Effektor-Geschwindigkeit wird damit realisiert?
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Aufgabe 1: Inverse Kinematik -\-\J(IT

Karlsruhe Institute of Technology

B Vorwartskinematik (nur Position):

—500 - sin(6,) - cos(03) — 500 - cos(8,) - sin(B3) — 500 - sin(H,)
f(q) =1 500 - cos(8,) - cos(83) —500 - sin(H,) - sin(f3) + 100 + 500 - cos(H,)
dq

B Inverse Kinematik
q=]""(q  -x

B Teilaufgaben:

® 1.1: Bestimmen Sie die inverse Jacobi-Matrix ] ~1(q).
® 1.2: Bestimmen Sie q bei gegebenem q und x.
® 1.3:In welchen Stellungen treten Singularitaten auf?
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Aufgabe 1.1: Inverse Jacobi-Matrix '\\J(IT

X —500 - sin(6,) - cos(03) — 500 - cos(6,) - sin(f3) — 500 - sin(6,)
flq) = (y) =1 500 - cos(6,) - cos(63) — 500 - sin(H,) - sin(f3) + 100 + 500 - cos(92)>
Z d4

® Jacobi-Matrix:

) ) T



Aufgabe 1.1: Inverse Jacobi-Matrix -\-\J(IT

X —500 - sin(6,) - cos(03) — 500 - cos(6,) - sin(f3) — 500 - sin(6,)
flq) = (y) =1 500 - cos(6,) - cos(63) — 500 - sin(H,) - sin(f3) + 100 + 500 - cos(92)>
Z d4

® Jacobi-Matrix:

_(of of of
/@) = <6d1’692’693>

of

dd,
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Aufgabe 1.1: Inverse Jacobi-Matrix -\-\J(IT

X —500 - sin(6,) - cos(03) — 500 - cos(6,) - sin(f3) — 500 - sin(6,)
flq) = (y) =1 500 - cos(6,) - cos(63) — 500 - sin(H,) - sin(f3) + 100 + 500 - cos(92)>
Z d4

® Jacobi-Matrix:

_(of of of
/@) = <6d1’692’693>

0
of 0 ~ (8)
ad, | O B

ad, (d1) 1
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Aufgabe 1.1: Inverse Jacobi-Matrix '\\J(IT
@ Ausdruck fiir x vereinfachen

x = —500 - sin(8,) - cos(83) — 500 - cos(H,) - sin(f3) — 500 - sin(6,)

) @ T



Aufgabe 1.1: Inverse Jacobi-Matrix -\-\J(IT
B Ausdruck fur x vereinfachen
x = —500 - sin(8,) - cos(83) — 500 - cos(H,) - sin(f3) — 500 - sin(6,)

x = —500 - (sin(8,) - cos(f3) + cos(6,) - sin(63)) — 500 - sin(H,)

) @ T



Aufgabe 1.1: Inverse Jacobi-Matrix ..\g(IT
B Ausdruck fur x vereinfachen
x = —500 - sin(8,) - cos(83) — 500 - cos(H,) - sin(f3) — 500 - sin(6,)

x = —500 - (sin(8,) - cos(B3) + cos(6,) - sin(63)) — 500 - sin(H,)

sin(e + ) =sina - cosf + cosa - sin 8
cos(e + ) =cosa-cosf —sina -sinf

Ubung 01 | 10 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix ..\g(IT
B Ausdruck fur x vereinfachen
x = —500 - sin(8,) - cos(83) — 500 - cos(H,) - sin(f3) — 500 - sin(6,)

x = —500 - (sin(8,) - cos(B3) + cos(6,) - sin(63)) — 500 - sin(H,)

sin(e + ) =sina - cosf + cosa - sin 8
cos(e + ) =cosa-cosf —sina -sinf

x = —500 - sin(6, + 63) — 500 - sin(6;)

Ubung 01 | 11 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix '\\J(IT
B Ausdruck fur y vereinfachen

y = 500 - cos(6,) - cos(83) — 500 - sin(6H,) - sin(f3) + 100 + 500 - cos(6,)

) >
Ubung 01 | 12 H 2 T



Aufgabe 1.1: Inverse Jacobi-Matrix -\-\J(IT
B Ausdruck fur y vereinfachen
y = 500 - cos(6,) - cos(83) — 500 - sin(6H,) - sin(f3) + 100 + 500 - cos(6,)

y = 500 - (cos(8,) - cos(63) —sin(H,) - sin(f3)) + 100 + 500 - cos(6,)

§ Y
Ubung 01 | 13 H 2T



Aufgabe 1.1: Inverse Jacobi-Matrix ..\g(IT
B Ausdruck fur y vereinfachen
y = 500 - cos(6,) - cos(83) — 500 - sin(6H,) - sin(f3) + 100 + 500 - cos(6,)

y =500 - (cos(0,) - cos(63) —sin(8,) - sin(63)) + 100 + 500 - cos(H,)

sin(e + ) =sina - cosf + cosa - sin 8
cos(e + ) =cosa-cosf —sina -sinf

y = 500 - cos(8, + 65) + 100 + 500 - cos(6,)

Ubung 01 | 14 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix "\-\J(IT

x = —500 - sin(6, + 63) — 500 - sin(6,)

ox
00,

y = 500 - cos(f, + 65) + 100 + 500 - cos(6,)

9y _
96,

0z
Z:dl 6_92:

Ubung 01 | 15 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix -\-\J(IT

ttttttttttttttttttt f Technology

x = —500 - sin(6, + 63) — 500 - sin(6,)

ox

o = —500 - cos(f, + 63) — 500 - cos(6;)
2

y = 500 - cos(f, + 65) + 100 + 500 - cos(6,)

2% = —500 - sin(6; + 63) — 500 - sin(6,)
2

Z:dl —=0

) &
Ubung 01 | 16 H 2 T



Aufgabe 1.1: Inverse Jacobi-Matrix "\-\J(IT

x = —500 - sin(6, + 63) — 500 - sin(6,)

ox
00,

y = 500 - cos(8, + 63) + 100 + 500 - cos(6,)

9y _
965

0z
Z:dl 6_93:

Ubung 01 | 17 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix -\\J(IT

ttttttttttttttttttt f Technology

x = —500 - sin(6, + 63) — 500 - sin(6,)

ox

35, = —500 - cos(6, + 63)

y = 500 - cos(8, + 63) + 100 + 500 - cos(6,)

a_y = —500 : Sin(gz + 93)
005

Z:dl —=0

) &
Ubung 01 | 18 H 2 T



Aufgabe 1.1: Inverse Jacobi-Matrix -\-\J(IT

® Jacobi-Matrix:

0 —500 - Sin(ez + 83) — 500 - Sin(ez) —500 - Sin(92 + Hg)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q@) = ( )
1 0 0

B Gesucht:

J ) =7

) &
Ubung 01 | 19 H 2 T



Aufgabe 1.1: Inverse Jacobi-Matrix -\-\J(IT

B Matrix:

N

Il
@ Q-
> o o
=~ Hh O

® [nvertieren:

et—fh «ch—bi bf—ce
fg—di ai—cg cd-—af
dh—eg bg—ah ae—bd

1

Al =
det A

B Determinante (Regel von Sarrus):

detA = aei + bfg + cdh — ceg — bdi — afh

) &
Ubung 01 | 20 H 2 T



Aufgabe 1.1: Inverse Jacobi-Matrix -\-\J(IT

0 —500 - Sin(ez + 83) — 500 - Siﬂ(@z) —500 - Sin(92 + Hg)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

) &
Ubung 01 | 21 H 2 T



Aufgabe 1.1: Inverse Jacobi-Matrix -\-\J(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

0 —500 - Sin(92 + 63) — 500 - SiIl(HZ) —500 - Sin(92 + Hg)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

=0+

Ubung 01 | 22 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix ﬂ(IT

0 —500 - Sin(92 + 83) — 500 - Sin(gz) —500 - Sin(92 + 83)

0 —500-cos(8, +65) —500-cos(f,) —500-cos(6,+ 63)
J(q) = < )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

= 0+ (=500 - cos(8, + 83) — 500 - cos(8;)) - (=500 - sin(6, + 653))

Ubung 01 | 23 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix ﬂ(IT

0 —500 - Sin(92 + 83) — 500 - Sin(gz) —500 - Sin(92 + 33)

0 —500-cos(8, +03) —500-cos(f,) —500-cos(6,+ 63)
J(q) = < )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

=0+ (=500 - cos(6, + 63) — 500 - cos(B,)) - (—500 - sin(6, + 63)) + 0

Ubung 01 | 24 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix -\g(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

0 —500 - Sin(92 + 83) — 500 - Sin(gz) —500 - Sin(92 + 63)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

=0+ (—500 - cos(6, + 63) — 500 - cos(H,)) - (=500 - sin(6, + 63)) + 0

—(—500 - cos(6, + 63)) - (—500 - sin(f#, + 63) — 500 - sin(6,))

Ubung 01 | 25 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix ﬂ(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

0 —500 - Sin(92 + 83) — 500 - Sin(gz) —500 - Sin(92 + 83)

0 —500-cos(8, +603) —500-cos(f,) —500-cos(6,+ 63)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

=0+ (—500 - cos(6, + 63) — 500 - cos(H,)) - (=500 - sin(6, + 63)) + 0

—(—500 - cos(6, + 63)) - (=500 - sin(8, + O3) — 500 - sin(H,)) — 0

Ubung 01 | 26 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix ﬁ(IT

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

0 —500 - Sin(92 + 83) — 500 - Sin(gz) —500 - Sin(ez + 63)

0 —500-cos(8, +603) —500-cos(f,) —500-cos(6, + 63)
J(q) = < )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

=0+ (—500 - cos(6, + 63) — 500 - cos(H,)) - (=500 - sin(6, + 63)) + 0

—(—500 - cos(6, + 63)) - (—500 - sin(#, + H3) — 500 - sin(6,)) —0—0

Ubung 01 | 27 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix -\\J(IT

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

0 —500 - Sin(ez + 83) — 500 - Sin(gz) —500 - Sin(92 + 83)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

= (—500 - cos(6, + 63) — 500 - cos(H,)) - (—500 - sin(6, + 63))
—(—500 - cos(6, + 63)) - (—500 - sin(f#, + 63) — 500 - sin(6,))

) &
Ubung 01 | 28 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix -\\J(IT

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

0 —500 - Sin(ez + 83) — 500 - Sin(gz) —500 - Sin(92 + 83)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

= (—500 - cos(6, + 63) — 500 - cos(H,)) - (—500 - sin(6, + 63))
—(—500 - cos(6, + 63)) - (—500 - sin(f, + 63) — 500 - sin(6,))

— (=500) - (=500) - ( (cos(8, + 63) + cos(8,)) - sin(6, + 63) )

—(sin(8, + 03) + sin(6,)) - cos(6, + 63)

) &
Ubung 01 | 29 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix -\-\J(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

0 —500 - Sin(ez + 83) — 500 - Sin(ez) —500 - Sin(92 + Hg)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

= (—500 - cos(6, + 63) — 500 - cos(H,)) - (—500 - sin(6, + 63))
—(—500 - cos(6, + 63)) - (—500 - sin(f, + 63) — 500 - sin(6,))

— (=500) - (=500) - ( (cos(6, + 83) + cos(65)) - sin(, + 63) )

—(sin(68, + 03) + sin(6,)) - cos(6, + 63)

) &
Ubung 01 | 30 H 2 T



Aufgabe 1.1: Inverse Jacobi-Matrix -\-\J(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

0 —500 - Sin(ez + 83) — 500 - Siﬂ(@z) —500 - Sin(92 + Hg)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

= (—500 - cos(6, + 63) — 500 - cos(H,)) - (—500 - sin(6, + 63))
—(—500 - cos(6, + 63)) - (—500 - sin(f, + 63) — 500 - sin(6,))

— (=500) - (=500) - ( (cos(6, + 83) + cos(65)) - sin(, + 63) )

—(sin(68, + 03) + sin(6,)) - cos(6, + 63)

= 5007 - (cos(8,) - sin(8, + 63) — sin(B,) - cos(8, + 63))

) &
Ubung 01 | 31 H 2 T



Aufgabe 1.1: Inverse Jacobi-Matrix '\\J(IT

0 —500 - Sin(ez + 83) — 500 - Sin(ez) —500 - Sin(92 + Hg)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

detJ(q) = 5007 - (cos(8,) - sin(0, + 65) — sin(B,) - cos(6, + 65))

) &
Ubung 01 | 32 H 2 T



Aufgabe 1.1: Inverse Jacobi-Matrix ..\g(IT

0 —500 - Sin(ez + 83) — 500 - Sin(ez) —500 - Sin(92 + 63)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

detJ(q) = 5007 - (cos(8,) - sin(0, + 65) — sin(B,) - cos(6, + 65))

sin(e + ) =sina - cosf + cosa - sin 8
cos(e + ) =cosa-cosf —sina -sinf

cos(d,) - (sin 8, cos B85 + cos B, sin 63) )

— 2,
det]((l) = 500 (_ Sil’l(HZ) . (COS 92 COS 33 — Sin 02 sin 63)

Ubung 01 | 33 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix "\-\J(IT

0 —500 - Sin(ez + 83) — 500 - Sin(ez) —500 - Sin(92 + Hg)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

detJ(q) = 5007 - (cos(8,) - sin(0, + O3) — sin(h,) - cos(0, + 63))

sin(e + ) =sina - cosf + cosa - sin 8
cos(e + ) =cosa-cosf —sina -sinf

cos(6,) - (sin 8, cos B3 + cos 8, sin G53) )

— 2,
det](q) =500 (— sin(Hz) . (COS 92 COS 93 — sin 92 sin 63)

Ubung 01 | 34 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix -\-\J(IT

ttttttttttttttttttt f Technology

0 —500 - Sin(ez + 83) — 500 - Sin(ez) —500 - Sin(92 + Hg)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

detJ(q) = 5007 - (cos(8,) - sin(0, + O3) — sin(h,) - cos(0, + 63))

sin(e + ) =sina - cosf + cosa - sin 8
cos(e + ) =cosa-cosf —sina -sinf

cos(6,) - (sin 8, cos B3 + cos 8, sin G53) )

— 2,
det](q) =500 (— sin(Hz) . (COS 92 COS 93 — sin 92 sin 63)

= 5002 - (cos? 8, sin 83 + sin? O, sin O3)

Ubung 01 | 35 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix -\g(IT

ttttttttttttttttttt f Technology

0 —500 - Sin(ez + 83) — 500 - Sin(ez) —500 - Sin(92 + 63)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

detJ(q) = 5007 - (cos(8,) - sin(0, + O3) — sin(h,) - cos(0, + 63))

sin(e + ) =sina - cosf + cosa - sin 8
cos(e + ) =cosa-cosf —sina -sinf

cos(6,) - (sin 6, cos B3 + cos O, sin O3) )

— 2,
det](q) =500 (— sin(92) . (COS 32 COS 63 — sin 92 sin 63)

= 5002 - (cos? 6, sin 05 + sin? 0, sin )

Ubung 01 | 36 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix -\g(IT

ttttttttttttttttttt f Technology

0 —500 - Sin(ez + 83) — 500 - Sin(ez) —500 - Sin(92 + 63)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

detJ(q) = 5007 - (cos(8,) - sin(0, + O3) — sin(h,) - cos(0, + 63))

sin(e + ) =sina - cosf + cosa - sin 8
cos(e + ) =cosa-cosf —sina -sinf

cos(6,) - (sin 6, cos B3 + cos O, sin O3) )

— 2,
det](q) =500 (— sin(92) . (COS 32 COS 63 — sin 92 sin 63)

= 5002 - (cos? 6, sin 05 + sin? 0, sin )

= 5007 - sin 65 (cos® 8, + sin? 6,)

Ubung 01 | 37 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix -\g(IT

ttttttttttttttttttt f Technology

0 —500 - Sin(ez + 83) — 500 - Sin(ez) —500 - Sin(92 + 63)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

detJ(q) = 5007 - (cos(8,) - sin(0, + O3) — sin(h,) - cos(0, + 63))

sin(e + ) =sina - cosf + cosa - sin 8
cos(e + ) =cosa-cosf —sina -sinf

_ 2 [ cos(63) - (sin 6, cos 85 + cos B, sin 63) )
detj(q) = 500 (— sin(6,) - (cos 8, cos 85 — sin 6, sin 63)
= 5002 - (cos? 6, sin 05 + sin? 0, sin )

= 5007 - sin 65 (cos® 8, + sin? 6,)
= 5004 -sinf5 - 1

Ubung 01 | 38 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix -\\J(IT

0 —500 - Sin(ez + 83) — 500 - Sin(gz) —500 - Sin(92 + H3)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = 5002 - sin 65

et—fh ch—bi bf—ce

J@™ = fg—di ai—cg cd—af
det](q) dh—eg bg—ah ae—bd

) &
Ubung 01 | 39 H2 I



Aufgabe 1.1: Inverse Jacobi-Matrix -\\J(IT

0 —500 - Sin(ez + 83) — 500 - Sin(gz) —500 - Sin(92 + 83)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = 5002 - sin 65

et—fh ch—bi bf—ce

J@™ = fg—di ai—cg cd—af
det](q) dh—eg bg—ah ae—bd

et—fh «ch—bi bf—ce

1
](q)—l — — fg —di ai-— cg cd — le
5004 - sin 65 dh—eg bg—ah ae—bd

) &
Ubung 01 | 40 H2 I



Aufgabe 1.1: Inverse Jacobi-Matrix -\\J(IT

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)

1 0 0
1 et—fh «ch—bi bf—ce

_1 — _ d. . _ d _
J(q) 5002 - sin 65 fg i ai—cg cd—af

dh—eg bg—ah ae—bd

) &
Ubung 01 | 41 H2 I



Aufgabe 1.1: Inverse Jacobi-Matrix ..\g(IT

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = (o —500 - sin(6, + 63) — 500 - sin(6,) —500 - sin(6, + 93)>

1 0 0
1 et—fh «ch—bi bf—ce

_1 — _ d. . _ d _
J(q) 5002 - sin 65 fg i ai—cg cd—af

dh—eg bg—ah ae—bd

el—fh=0

Ubung 01 | 42 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix ..\g(IT

0 —500-cos(8, +63) —500-cos(f,) —500-cos(6,+ 63)
J(q) = (o —500 - sin(6, + 65) — 500 - sin(6,) —500 - sin(6, + 03)>

1 0 y
, 0 ch—bi bf —ce
500< - sin 3 dh—eg bg—ah ae—bd
ei—fh=0
ch—bi=0

Ubung 01 | 43 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix "\-\J(IT

0 —500-cos(8, + 85) —500-cos(f,) —500-cos(6, + 03)

1 0 y

. 0 0 bf — ce

500< - sin 3 dh—eg bg—ah ae—bd
ei—fh=0
ch—bi=0
cd—af =0

Ubung 01 | 44 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix ﬁ(IT

0 —500-cos(8, +65) —500-cos(f,) —500-cos(6,+ 63)
J(q) = (o —500 - sin(6, + 65) — 500 - sin(6,)  —500 - sin(6, + 93)>

1 0 y
. 0 0 bf — ce
J@ = —— fg—di ai—cg 0

5002 - sin 05 dh—eg bg—ah ae—bd
ei—fh=0
ch—bi=0
cd—af =0
ae —bd =0

Ubung 01 | 45 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix ﬁ(IT

0 —500-cos(8, +03) —500-cos(f,) —500-cos(6, + 63)
J(q) = (0 —500 - sin(6, + 65) — 500 - sin(6,) —500 - sin(6, + 93)>
1 0 0

0 0 bf — ce

1
J@ ™' = ——— fg—di ai—cg 0
5004 - sin 64 dh—eg bg —ah 0

bf —ce =

Ubung 01 | 46 H 2 I



Aufgabe 1.1: Inverse Jacobi-Matrix ﬂ(IT

0 —500-cos(8, +03) —500-cos(f,) —500-cos(6, + 63)
J(q) = (0 —500 - sin(6, + 65) — 500 - sin(6,) —500 - sin(6, + 93)>
1 0 0

0 0 bf — ce

1
J@ ™' = ——— fg—di ai—cg 0
5004 - sin 64 dh—eg bg —ah 0

bf —ce = —500 - (cos(6, + 63) + cos(6,)) - (=500 - sin(8, + 03)) —
(=500 - cos(6, + 63)) - (—500 - sin(8, + 63) — 500 - sin(6,))
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Aufgabe 1.1: Inverse Jacobi-Matrix ..\g(IT

0 —500-cos(8, +03) —500-cos(f,) —500-cos(6, + 63)
J(q) = (o —500 - sin(6, + 65) — 500 - sin(6,) —500 - sin(6, + 93)>
1 0 0

0 0 bf —ce

1
J@ ™' = ——— fg—di ai—cg 0
5004 - sin 64 dh—eg bg —ah 0

bf —ce = —500 - (cos(8, + 03) + cos(6,)) - (—500 - sin(8, + 63)) —
(=500 - cos(8, + 63)) - (—500 - sin(8, + 65) — 500 - sin(6H,))

= 5002 - (cos(8, + 83) - sin(8, + 03) + cos(H,) - sin(H, + 03) — cos(8, +
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Aufgabe 1.1: Inverse Jacobi-Matrix ﬁ(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

0 —500-cos(8, +03) —500-cos(f,) —500-cos(6, + 63)
J(q) = (o —500 - sin(6, + 65) — 500 - sin(6,) —500 - sin(6, + 93)>
1 0 0
0 0 bf —ce

1
J@ ™' = ——— fg—di ai—cg 0
5004 - sin 64 dh—eg bg—ah 0

bf —ce = —500 - (cos(8, + 03) + cos(6,)) - (—500 - sin(8, + 63)) —
(=500 - cos(8, + 63)) - (—500 - sin(8, + 65) — 500 - sin(6H,))

_£002 . ( cos(6, + 65) - sin(8, + 63) + cos(H,) - sin(6, + 63) )

—cos(6, + 83) - sin(8, + 635) — cos(8, + O3) - sin(6,)



Aufgabe 1.1: Inverse Jacobi-Matrix -\g(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

0 —500-cos(8, +03) —500-cos(f,) —500-cos(6, + 63)
J(q) = (o —500 - sin(6, + 65) — 500 - sin(6,) —500 - sin(6, + 93)>
1 0 0
0 0 bf —ce

1
J@ ™' = ——— fg—di ai—cg 0
5004 - sin 64 dh—eg bg —ah 0

bf —ce = —500 - (cos(8, + 03) + cos(6,)) - (—500 - sin(8, + 63)) —
(=500 - cos(8, + 63)) - (—500 - sin(8, + 65) — 500 - sin(6H,))

_£002 . ( cos(6, + 65) - sin(8, + 63) + cos(H,) - sin(6, + 63) )

—cos(6, + 63) - sin(8, + 6;5) — cos(6, + 03) - sin(6,)

= 5007 - (cos(B,) - sin(8, + 03) — cos(f, + 63) - sin(H,))
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Aufgabe 1.1: Inverse Jacobi-Matrix -\g(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

0 —500-cos(8, +03) —500-cos(f,) —500-cos(6, + 63)
J(q) = (o —500 - sin(6, + 65) — 500 - sin(6,) —500 - sin(6, + 93)>

1 0 0
" 0 0 5007 - sin 65
J@™ = 5 fg—di ai—cg 0
5004 - sin 04 dh—eg bg—ah 0

bf —ce = —500 - (cos(8, + 03) + cos(6,)) - (—500 - sin(8, + 63)) —
(=500 - cos(8, + 63)) - (—500 - sin(8, + 65) — 500 - sin(6H,))

_£002 . ( cos(6, + 65) - sin(8, + 63) + cos(H,) - sin(6, + 63) )

—cos(6, + 63) - sin(8, + 6;5) — cos(6, + 03) - sin(6,)

= 5002 - (cos(8,) - sin(8, + 03) — cos(6, + 03) - sin(H,)) = 5002 - sin G5
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Aufgabe 1.1: Inverse Jacobi-Matrix '\\J(IT

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)

1 0 0
" 0 0 5007 - sin 65
J(@)™ = B fg—di ai—cg 0
5004 - sin 04 dh—eg bg—ah 0

) &
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Aufgabe 1.1: Inverse Jacobi-Matrix "\-\J(IT

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)

1 0 0
" 0 0 5007 - sin 65
J(@)™ = B fg—di ai—cg 0
5004 - sin 04 dh—eg bg—ah 0

fg —di =—500-sin(6, + 65) — 0
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Aufgabe 1.1: Inverse Jacobi-Matrix = \‘ (IT

—500 - sin(6, + 65) — 500 - sin(f,) —500 - sin(8, + O03)
1 0 0
0 0 5007 - sin 65
—500 - sin(6, + 03) ai —cg 0
dh —eg bg — ah 0

0 —500-cos(8, +65) —500-cos(f,) —500-cos(6,+ 65)
J(q) = ( )

-1 _
J@)” 5002 - sin 6

ai—cg =

) &
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Aufgabe 1.1: Inverse Jacobi-Matrix \“(IT

—500 - sin(6, + 65) — 500 - sin(6,) —500 - sin(O8, + 63)
1 0 0
0 0 5007 - sin 65
—500 - sin(6, + 03) ai —cg 0
dh —eg bg — ah 0

0 —500-cos(8, +65) —500-cos(f,) —500-cos(6,+ 65)
J(q) = ( )

-1 _
J@)” 5002 - sin 6

ai —cg =0—(—500-cos(6, + 63) - 1)
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Aufgabe 1.1: Inverse Jacobi-Matrix \“(IT

—500 - sin(6, + 65) — 500 - sin(6,) —500 - sin(O8, + 63)
1 0 0
0 0 5007 - sin 65
—500 - sin(6, + 03) ai —cg 0
dh —eg bg — ah 0

0 —500-cos(8, +65) —500-cos(f,) —500-cos(6,+ 65)
J(q) = ( )

-1 _
J@)” 5002 - sin 6

ai —cg =0—(—500-cos(f, +65)-1) =500 - cos(6, + 03)
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Aufgabe 1.1: Inverse Jacobi-Matrix ..\g(IT

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
](q)=:<o —500 - sin(6, + 65) — 500 - sin(6-,) —500-3H(024—63{>

1 0 0
J(@™!
1 0 0 5007 - sin 65
= , —500 - sin(@, + 85;) 500 - cos(8, + 63) 0
2 . 2 T U3 2 T U3
>00% - sin 63 dh — eg bg — ah 0
dh —eg =
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Aufgabe 1.1: Inverse Jacobi-Matrix ﬁ(IT

0 —500 - Sin(92 + 93) — 500 - Sin(gz) —500 - Sin(92 + 83)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

J@™!

1
5002 - sin 65

0 0 5007 - sin 65
—500 - sin(8, + 65) 500 - cos(0, + 653) 0
dh —eg bg — ah 0

dh—eg=0-0— (=500 -sin(6, + 85) — 500 - sin(6,)) - 1
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Aufgabe 1.1: Inverse Jacobi-Matrix ..\g(IT

0 —500 - Sin(92 + 93) — 500 - Sin(ez) —500 - Sin(92 + 63)

0 —500-cos(8, + 65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

J@™!

1
5002 - sin 65

0 0 5007 - sin 65
—500 - sin(8, + 65) 500 - cos(0, + 653) 0
dh —eg bg — ah 0

dh—eg=0-0— (=500 -sin(6, + 85) — 500 - sin(6,)) - 1
= 500 - sin(8, + 63) + 500 - sin(6,)

= 500 - (sin(6, + 63) + sin(6,))
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Aufgabe 1.1: Inverse Jacobi-Matrix '\\J(IT

0 —500-cos(8, +603) —500-cos(f,) —500-cos(6, + 63)

1 0 0
J(@™
1 0 0 5007 - sin 65
= , —500 - sin(6, + 65) 500 - cos(8, + 63) 0
2.
5007 sin 0 500 - (sin(6, + 03) + sin(6,)) bg — ah 0
bg — ah =

) &
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Aufgabe 1.1: Inverse Jacobi-Matrix ..\g(IT

0 —500-cos(8, +603) —500-cos(f,) —500-cos(6, + 63)
J(q) = (o —500 - sin(6, + 65) — 500 - sin(6,) —500 - sin(6, + 03)>

1 0 0
J(@™
1 0 0 5007 - sin 65
= , —500 - sin(6, + 65) 500 - cos(8, + 63) 0
2.
>00% - 5in 0 500 - (sin(6, + 03) + sin(6,)) bg — ah 0

bg — ah = (=500 - cos(6, + 63) — 500 - cos(8,)) -1 —0-0
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Aufgabe 1.1: Inverse Jacobi-Matrix "\-\J(IT

0 —500-cos(8, +603) —500-cos(f,) —500-cos(6, + 63)

1 0 0
J(@™
1 0 0 5007 - sin 65
= , —500 - sin(6, + 65) 500 - cos(8, + 63) 0
2.
>00% - 5in 0 500 - (sin(6, + 03) + sin(6,)) bg — ah 0

bg — ah = (=500 - cos(6, + 63) — 500 - cos(8,)) -1 —0-0

= —500 - cos(8, + 65) — 500 - cos(6,)
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Aufgabe 1.1: Inverse Jacobi-Matrix "\-\J(IT

1 0 0 5002 - sin 05
J(@ 1= 002 o —500 - sin(6, + 63) 500 - cos(8, + 65) 0
3\500 - (sin(@, + 65) +sin(0,)) —500 - cos(f, + 63) — 500 - cos(H) 0
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Aufgabe 1.1: Inverse Jacobi-Matrix -\\J(IT

1 0 0 5002 - sin 05
J(@ 1= 002 o —500 - sin(6, + 63) 500 - cos(8, + 65) 0
3\500 - (sin(@, + 65) +sin(0,)) —500 - cos(f, + 63) — 500 - cos(H) 0
0 0 1
Sin(92 + 03) COS(BZ + 93)
J(@)™ 1= 500 - sin 6, 500 - sin 65
sin(8, + 63) + sin(#,) —cos(6, + 03) — cos(6,)

500 - sin 6, 500 - sin 6,

) &
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit -\-\J(IT

0 0 1
sin(6, + 63) cos(6, + 03)
J(q)"! = 500 - sin 65 500 - sin 65
sin(8, + 03) + sin(#,) —cos(8, + 03) — cos(6,)
500 - sin 04 500 - sin 04

B Gegeben:

T
® Zustand des Roboters ¢ = (d4, 8,,605)T = (1, 0, E)
® EEF-Geschwindigkeit p = (1000, 0,0)7

W Gesucht:
® Gelenkwinkelgeschwindigkeit q, die die EEF-Geschwindigkeit p erzeugt

) &
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit -\-\J(IT

0 0 1
sin(6, + 63) cos(6, + 03)
J(q)"! = 500 - sin 65 500 - sin 65
sin(8, + 03) + sin(#,) —cos(8, + 03) — cos(6,)
500 - sin 04 500 - sin 04
-1 0 0 1
1 sin(6, + 65) cos(6, + 03)
J (Y - 500 - sin 6, 500 - sin 6,
> sin(6, + 05) + sin(6#,) —cos(8, + 65) — cos(6,)
500 - sin 6, 500 - sin 6,

) &
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit -\\J(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

0 0 1\
1 -1 / ~ sin (O + %) coSs (O + %) )
] (2) _ 500 - sin% 500 - sin%
2 sin (O + %) + sin(0) —cos (O + %) — cos(0) )
\ 500 - sin% 500 - sin% /

H2T
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit @~ =20% ot

s (oD ws(047) )

1 2 2
0 500 - sin~ 500 - sin— ’
710 _ sin sin
2 sin (O + %) + sin(0) —cos (O + %) — cos(0)
')
. T . T
\ 500 - sin > 500 - sin >
-1
NS
J{ 10 — | “5001 s001 °
T
T 1+0 —0-1
2 0

500-1 500-1

) &
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit

AT

ttttttttttttttttttt f Technology

/ 0 0 1\
-1 . T T
1 ~ sin (O + 7) CcosS (O + 7) )
. T . T
] 7(% _ 500 - sin = 500 - sin =
2 sin (O + %) + sin(0) —cos (O + %) — cos(0)
')
. 1T . T
\ 500 - sin > 500 - sin >
N\ 0 0 1 0 0 1
1 0 1
J{ 10 —| 75001 001 O|=["350 9 O
T
= 140 ~0-1 11
2 500-1  500-1 500 500
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit '\\J(IT

qg=J@ "' p



Aufgabe 1.2: Gelenkwinkelgeschwindigkeit -\-\J(IT

qg=J@ " -p

() (5

) -3
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit -\-\J(IT

qg=J@ ' p
-1
1 1000
qg=J{ |2 | o
2 0
0 0 1 1000
1
1 1 0
500 500

) -3
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit -\-\J(IT

qg=J@ ' p
-1
1 1000
2 0
0 o 1 1000 0
1
1 1 0 2
500 500

) -3
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Aufgabe 1.3: Singularitaten S(IT

B Eine kinematische Kette ist in einer singularen Konfiguration,
wenn die zugehdrige Jacobi-Matrix nicht vollen Rang hat

W Zwei oder mehr Spalten von J¢ sind linear abhangig

B Die Jacobi-Matrix ist nicht invertierbar
B Bestimmte Bewegungen unmoglich

B In der Umgebung von Singularitaten 1
konnen grolBe Gelenkgeschwindigkeiten é}
notig werden, um eine &
End-Effektor-Geschwindigkeit zu halten. #
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Aufgabe 1.3: Singularitaten -\\J(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

® Eine quadratische Matrix A € R™*™ hat genau dann vollen Rang,
wenn die Determinante ungleich Null ist:
rangA =n & detA #0

0 —500 - Sin(92 + 83) — 500 - Sin(92) —500 - Sin(92 + 83)

0 —500-cos(8, +603) —500-cos(f,) —500-cos(6, + 03)
J(q) = ( )
1 0 0

) &
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Aufgabe 1.3: Singularitaten -\\J(IT

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

® Eine quadratische Matrix A € R™*™ hat genau dann vollen Rang,
wenn die Determinante ungleich Null ist:
rangA =n & detA #0

0 —500 - Sin(92 + 83) — 500 - Sin(92) —500 - Sin(92 + 93)

0 —500-cos(8, +603) —500-cos(f,) —500-cos(6, + 03)
J(q) = ( )
1 0 0

detJ(q) = 5007 - sin 8,

® Fir Singularitdten qg;, 4 der quadratischen Matrix J(q) gilt:
det/(qsing) = 500% - sinf3 = 0

) &
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Aufgabe 1.3: Singularitaten -\\J(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

® Fir Singularitdten g4 der quadratischen Matrix J(q) gilt:

det/(qsing) = 500% - sinf3 = 0

) &
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Aufgabe 1.3: Singularitaten -\-\J(IT
® Fir Singularitdten g4 der quadratischen Matrix J(q) gilt:
det/(qsing) = 500% - sinf3 = 0
sinf; =0
0; =n-m,nel0,12,..]

03 =0V 83 =TI, 63 (S [0,277:)
d, d,
Asing1 = | 02 | Dsing2 = | 0>
0 T

" o
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Aufgabe 2: Dynamikmodellierung nach Lagrange -\\J(IT
Y

P2 = (1172,’92)
® Annahmen:

® Massenschwerpunkte in der Mitte der Segmente
® Vernachlassigbarer Radius der Segmente

® Konfigurationq = (d, 6)7

) -3
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Aufgabe 2: Dynamikmodellierung nach Lagrange -\\J(IT
Y

B Position der Punktmassen:
1
p1 = (X1,¥1) = (5 l1 +d,0)
py = (x5, v,) = +d +%l2 : COSQ,—%lz - sin 0)

" &
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Aufgabe 2: Dynamikmodellierung nach Lagrange -\\J(IT

B Konfiguration yT
q=(, 6)"

----------------------------

-
O)

® Position der Punktmassen: p1 = (@1,1) o
1
P1 = (xb yl) - (E ll + d, O) p2 = (z2,92)
po = (x9,y,) = (4 +d +%l2 : cos@,—%lz - sin 0)

B Modellieren Sie die Dynamik des Robotersystems.
B 2.1: Kinetische Energie fiir jedes Gelenk bestimmen
B 2.2: Potentielle Energie fiir jedes Gelenk bestimmen
W 2.3: Lagrange-Funktion berechnen
B 2.4: Bewegungsgleichung aufstellen

) &
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Methode nach Lagrange (Wiederholung)

® Lagrange-Funktion:

L(q,q) = Exin(q,q) — Epot(q)

® Bewegungsgleichung:

~dfaL\ aL
ti T dt aql 6ql

B g;: i-te Komponente der generalisierten Koordinaten
B 7;: i-te Komponente der generalisierten Krafte

Ubung 01 | 82
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1
Aufgabe 2.1: Kinetische Energie Egin = 5mv* -\\J(IT

Karlsruhe Institute of Technology

Kinetische Energien flur s; und s,:
Ey; ——m dZ
kln,l 2 1

1 1 . .
Exina = Emzvz2 = Emz(x% +y3)

) &
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Aufgabe 2.1: Kinetische Energie

Ubung 01 | 84

p2 = (x3,¥2) = (4 +d+%l2-c059,—%l2-sin9)

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee
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Aufgabe 2.1: Kinetische Energie "\-\J(IT

Exino = Emz(xzz + }722) =
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Aufgabe 2.2: Potentielle Energie Epor = mgh -\\J(IT

Potentielle Energien fir s; und s,:

Epotn =mygy: =0

Epoty = mMygy, = —Englzsm(e)

) >
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Aufgabe 2.3: Lagrange-Funktion

L(q,q) = Exin(q,q) — Epot(q)

L = Ekin,l + Ekin,z — Epot,l — Epot,z —

Ubung 01 | 87
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Aufgabe 2.3: Ableitungen der Lagrange-Funktion @ ==.% ot

1 T T—— 1 1 |
L= E(ml + m,)d? — Emzlzde sin(@) + §m2l292 + Englzsm(e)

oL
ad

doL
dtod

oL
ad
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Aufgabe 2.3: Ableitungen der Lagrange-Funktion -\-\J(IT

1 o1 1 1 |
L= = (my + m,)d? — Emzlzde sin(@) + §m2l292 + Englzsm(e)

oL 1 , s 1 .
Y = Zmzlz 0 — Emzlzdsm(e)
O 26 — = myly(d sin(6) + d6 cos(0)
Py =z m2l2 5 M2 »(d sin cos(0))
oL

1 .. 1
38 = —Emzlde cos(0) + EmzlngOS(H)

) -3
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Aufgabe 2.4: Bewegungsgleichung ..\g(IT

_dfaL\ oL
Y= ae\aa; ) g,

d (oL\ oL
17 0i\5a) " ed
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Aufgabe 2.4: Bewegungsgleichung

_d oL\ oL
Y= ae\aa; ) g,

_d (AL oL
2= \50) " ad

1 .1 . 1 .
= Zmzlgg — Emzlzd Sln(H) - §m2l2d9 COS(Q)

1 .. 1
—(— Emzlz dd cos(0) + Emzlzgcos(ﬁ))

1.1 o1
=—m,l50 — Emzlz sin(6) d — Emzlzgcos(e)

4
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Aufgabe 2.4: Bewegungsgleichung -\-\J(IT

T=M(q)q+c(q,q) +9(q)

1 .. .
Zmzl%H — Emzlz sin(@) d — Emzlzgcos(e)

T2

o (T1) B ( (my + my)d — %mzlz(é sin(@) + 62cos(6) )

) -3
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Aufgabe 2.4: Bewegungsgleichung ﬁ(IT

T=M(q)q+c(q,q)+9(q)

S | .. _
(T1) (my + my)d — 5Mal2 (6 sin(0) + 62%cos(0)
T = =
T 1 .1 .
2 Zmzl%H —Emzlz Sin(e)d—zmzlngOS(H)
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Aufgabe 2.4: Bewegungsgleichung '\\J(IT

T=M(q)q+c(q,q)+9(q)

S | .. _
(T1) (my + my)d — 5Mal2 (6 sin(0) + 62%cos(0)
T = =
T 1 .1 .
2 Zmzlge —Emzlz Sin(g)d—zmzlngOS(Q)

Entspricht der allgemeinen Bewegungsgleichung:

1 .
mq +m, —Emzlzsm(ﬁ) g lm 1,62c0s(6) . 0
= 242
' 1 . I O (9) T2 * —=myl,cos(6)
—Emzlzsm(Q) Zmzlz 0 2

) &
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Matlab fiir die nidchsten Ubungen ﬂ(IT

| ‘\ MATLAB

B Installationsanleitung fir Studierende am KIT
B https://www.scc.kit.edu/produkte/3841.php

B Robotics Toolbox (Peter Corke)

Robotics Toolbox
B http://petercorke.com/wordpress/toolboxes/robotics- for MATLAB
toolbox##Downloading the Toolbox Release 10~ = _,ﬁ

® Die .mltbx Datei herunterladen
® Aus dem Matlab-Filexplorer 6ffnen

B Selber ausprobieren: Ubungsblatt 1 in Matlab I&sen
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https://www.scc.kit.edu/produkte/3841.php
http://petercorke.com/wordpress/toolboxes/robotics-toolbox#Downloading_the_Toolbox

